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ABSTRACT. The reduced Witt rings of certain formally real fields are
computed here in terms of some basic arithmetic invariants of the fields. For
some fields, including the rational function field in one variable over the
rational numbers and the rational function field in two variables over the real
numbers, this is done by computing the image of the total signature map on
the Witt ring. For a wider class of fields, including all those with only finitely
many square classes, it is done by computing the Witt rings of certain
ultracompletions of the field and representing the reduced Witt ring as an
appropriate subdirect product of the Witt rings of the ultracompletions. The
reduced Witt rings of a still wider class of fields, including for example the
fields of transcendence degree one and the rational function field in three
variables over the real numbers, are computed similarly, except that
the description of the subdirect product no longer involves only local
conditions.

1. Introduction. This paper is concerned with the problem of computing the
structure of the reduced Witt ring, i.e. the Witt ring modulo its nil radical, of
a formally real field in terms of more basic arithmetic invariants of the field.
Among the invariants that concern us are the orderings of the field, their
associated real places, and the value groups of these real places. Our procedure
will be to find the structure of the Witt rings of certain localizations of the
field, and then to try to piece these together to obtain the structure of the
reduced Witt ring of the field.

The “local-global principle” of A. Pfister [15, Satz 22] implies that an
element of the reduced Witt ring of a formally real field is determined by the
signatures (with respect to all the orderings of the field) of a quadratic form
representing the element. Hence an explicit computation of the image of the
total signature map on the reduced Witt ring of a formally real field gives a
description of the reduced Witt ring as a subdirect product of the Witt rings
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of its real closures (with respect to all the orderings of the field). For some
important classes of fields, the image of the total signature map can be
described quite simply (e.g. [12, Corollary 3.21]). However it appears that in
general any description of the image of the total signature map must be rather
formal and involve complicated invariants associated with the set of orderings
of the field. An alternative procedure is to represent the reduced Witt ring as
a subdirect product of the Witt rings of certain “ ultracompletions” of the field.
The Witt rings of these ultracompletions, while not as simple as the Witt rings
of real closures, are still fairly transparent. Moreover, their richer structure is
used in formulating “compatibility” conditions which describe how the
reduced Witt rings of at least some fields are represented as subdirect products
of the Witt rings of their ultracompletions. For such fields one also obtains a
computation of the image of the total signature map. This is done by
computing the images of the total signature maps for the ultracompletions,
and then pasting together these local results. The resulting description of the
image of the total signature map is rather formal. In some cases it can be
specialized to a more useful form. In other cases, the computation of the
reduced Witt ring in terms of the Witt rings of the ultracompletions appears
to give more insight.

Ultracompletions of a field with respect to places from the field into the real
numbers are introduced in §2. We show there how the space of orderings, the
Witt ring, and the image of the total signature map of an ultracompletion at
a real place can each be computed in terms of the square factor group of the
value group of the real place. We then recall (in §3) that the reduced Witt ring
of a formally real field can be represented as a subdirect product of the Witt
rings of its ultracompletions. We introduce certain parity and continuity
conditions which elements of this subdirect product must satisfy; we call those
fields “exact” for which these conditions characterize elements of the subdirect
product. Some classes of exact fields are presented in §4; particular attention
is paid to SAP fields [9, Definition 1.4], superpythagorean fields [9, Definition
4.4], rational function fields, and Henselian valued fields. An apparently
weaker condition than exactness, “near exactness”, is studied in §5; for these
fields one can again describe the reduced Witt ring as a subdirect product of
the Witt rings of the ultracompletions, but only by involving less simple
invariants of the field. Among the fields shown to be near exact are the
formally real fields of transcendence degree one (respectively, two) over the
rational (respectively, real) numbers, and the rational function field in one
variable over any such field. In §6, fields admitting only finitely many places
into the real numbers are shown to be exact. (Any field with only finitely many
distinct orderings is of this type.) In this case a very explicit computation of
the reducad Witt ring is possible. The image of the total signature map for an
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exact field is computed in §7. This rather formal computation is then
specialized to various classes of fields, including the rational function field in
one variable over the rational numbers and the rational function field in two
variables over the real numbers. Certain fields of transcendence degree one
with prescribed real-valued places are constructed in §8; this construction
answers a question raised in §5 and a question of Brocker [20] and Prestel [21].

F will always denote a formally real field. We let O(F) denote the set of
orderings of F, given the coarsest topology with V(a) = {P € O(F): a € P}
open for all @ € F. (An “ordering” on F is the set of positive elements in a
linear order on F making F an ordered field.) 9N(F) will denote the set of
places from F into the field R of real numbers; we call such places “real
places”. (Caution: the term “real place” is used elsewhere in a less restrictive
sense; cf. [10], [16].) There is a canonical surjection 7: O(F) — ON(F); we give
OM(F) the finest topology in which = is continuous. (For P € O(F), =(P) is the
unique real place which is never negative on P [2].) For each ¢ € O(F), let
0, = 71 (0). The sets 0, (6 € M(F)) partition O(F). For each a € F" and
P € O(F), we let (a,P) denote 1 if a € Pand —1if a & P. Let W(F) and
W,.q(F) denote the Witt ring and reduced Witt ring of F, respectively.

Z, Q, R denote the sets of integers, rational numbers, and real numbers,
respectively. For any unitary ring S, we denote its multiplicative group of units
by S°. For any set 4, we let |4| denote the symbol oo if A is infinite and the
number of elements in A if 4 is finite. 4\ B denotes the set of elements of the
set A which are not in the set B. The identity of a multiplicative group and the
trivial group which it generates are both denoted by 1.

2. Ultracompletions. Throughout this section we let o denote a fixed element
of OM(F). By the ultracompletion of F at o we mean the pair (,5) where E
denotes the ultracompletion of F at the prime value associated with ¢ and &
denotes the canonical extension of ¢ to a real place on E, [5, Definition 1.5
(and Example 1.1C)]. The reader is invited to treat the next lemma as a “short-
cut” definition of the ultracompletion.

(2.1) LEMMA. There is a maximal field extension K/F such that o extends to a
real place T on K which maps onto R (i.e. has residue class field R) and such that
7 has the same value group as . For any such pair (K,7) there exists an F-
isomorphism y: F, > K with 7y = 3.

That ¢ and 7 have the same value group means that the natural map from
the value group of the valuation ring 6! (R) to that of 7~ (R) is bijective. The
lemma summarizes part of [5, §1]. The existence and uniqueness (up to
“analytic isomorphism”) of the extension K/F follows easily from (19,
Theorem 5, p. 38 and Lemma 19, p. 218] and [11, proof of Theorem 7],
respectively.
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(2.2) NotaTION. Let 71 F — K U {oo} be a place. Let y,: F* — A, denote
the map taking each element of F’ to its image in the square factor group of
the value group of the valuation ring ~'(K). Thus we may identify A, with
F' /7Y (K") - F% and v, with the canonical surjection. We will regard A_ as a
discrete abelian group and its character (or “dual”) group A¥ = Hom(A,,Z")
as a compact abelian group [17, 1.7.3(a)].

We now compute the topological space 9, = 7' (o) in terms of A, .

(2.3) LeMMA. Let P, T € 0,. There exists a homomorphism {P,T) € A¥
with

(P, T)(5() = (a,P)(a,T)

for all a € F'. For any P € O, the induced map (P,): 0, = A: is a
homeomorphism.

PROOF. See [2], or see Remark (2.6) below.
We can now compute OM(F,) and O(F)).

(2.4) LemMA. @ is the only real place on E,, ie., OUE) = {3}. The map
P P N F gives a homeomorphism from O(F,) onto O,.

PrROOF. Just suppose F, admits a real place 7 with 7 # @. Then there exists
a € F; with r(a) < 0 < 3(a) < oo [3, Theorem 2.1A]. Since F, is a maximal
field, it is Henselian. Thus a € E,’Z (cf. Lemma (2.1)). But then 7(a) < 0 is
impossible. The second sentence of Lemma (2.4) follows from the first, and the
bijections of Lemma (2.3). (Note that there is a natural bijection A, = Ay, cf.
Lemma (2.1).)

One can also prove the second part of (2.4) by arguing directly that if
P € 0, then {ab*: a € P,b € E}is the unique extension of P to an ordering
of E.

We will often write A and y, in place of A; and v;, and identify elements
of 0, with the corresponding elements of O(F).

The Witt ring of F, is an integral group ring since F, is superpythagorean
(e.g., see [6, Corollary 8] and [9, 5.13(8)]). Indeed, the isomorphism W(E)
= Z(A,) may be chosen “almost” canonically.

(2.5) THEOREM. Let P € O(F,). There is an isomorphism ®p: W(E) = Z(A,)
such that for alla € F,,

(@) = (a, Py, (a).

The map @, is uniquely determined since the elements {a) (a € E)
generate W(F). (For any a,...,a, € F,, we let {a;,...,a,y denote the
element of W(F,) representing the quadratic form q, xl2 +-o+a, x2)
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PrOOF. Let ¢: E, — Z(A,) be the group homomorphism

$(@) = (a,P)y,(a) (a € E).

To establish the existence of the ring homomorphism @ it suffices to show
that the elements ¢(a) (2 € E) satisfy the same relations as do the generators
{a) (a € E) of W(E,). This boils down to showing that

(1 ¢(a) + ¢(b) = ¢(a + b) + ¢(abla + b))

whenever a, b, a + b € E, [14, Lemma 1.1, p. 85]. Let v be the valuation
associated with the place 3; then v induces y, and we may regard v as assigning
to each element of F, its Archimedean class with respect to P. If v(a) = v(b)
= y(a + b), then one easily verifies relation (1). If not, then we might as well
assume that v(a + b) # v(a). Then either v(a + b) = v(b), in which case
(@ + b,P) = (b,P), or else v(a + b) # v(b), in which case v(a) = v(b) and
(a,P) = (=b, P). In either case, (1) is easily verified. The set 'o"'(R')If','2 is in
the kernel of the group homomorphism y: E, = W(FE,) given by

Wa) = @P)@) (a € E).

Hence ¢ induces a group homomorphism A, — W(E), and thence a ring
homomorphism ¥: Z(A,) = W(E). Since ¥ and @, are clearly inverse maps,
®,, is an isomorphism. The theorem is proven.

(2.6) REMARK. For any P, T € O(F,) and a € F, we have

@Pd)}l(va(a)) = (a,P)(a, T)y,(a).

This shows that the map {P,T) of Lemma (2.3) is well defined, and that it
induces in a natural way the automorphism @, &, Lof Z (A,)- The only hard
part of Lemma (2.3) to verify is the surjectivity of (P, -). This can be done
with either the ramification theoretic argument of [2] or by applying [14, Main
Lemma (3.5), p. 67] (any 7 € AJ induces a ring homomorphism Z(A,) = Z;
the kernel of the composition of this homomorphism with ®, corresponds to
an ordering T with {P,T) = 7).
Let t,: W(E,) = Ilgg,) Z denote the total signature map on W(F). Thus

’a«a» = ((a:P))peo(Fo) (@ € I';)

t, is injective [15, Satz 22]; we now compute its image. (This computation
was done in [6, §3], but in a form less convenient for our purposes here.)

Give the discrete group A, the measure p with u({A}) = 1 for all A € A,.
We will also use p to denote the unique translation-invariant measure on A:
with p(A¥) = 1 (cf. (2.2) and [17, 1.1.3]). For any topological space X, let
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C(X, Z) denote the ring of continuous integer-valued functions on X. (Z has
the discrete topology.) We may regard ¢, as mapping into C((E),Z). Let
P € O(E); P will be fixed for the remainder of this section. We will analyze
t, by means of a commutative diagram:

W(E) —"*—C(XE).Z)
@p | L ¥
Z(A,)—L—C(A),2).

Note that Z(A,) is simply the ring of continuous integer-valued functions on
(the discrete group) A, with compact support. The map ¢ in the above
diagram is Fourier transformation:

r(1-N@) =¢) (€ A,dE A

The map ¥, is the isomorphism induced by the homeomorphism (P, -) of
Lemma (2.3). The diagram itself is easily checked to commute. By the
inversion theorem [17, 1.5.1], an element f € C(AY,Z) is in the image of ¢ if
and only if fy» f(¢)p(A)do € Z for all A € A, (i.e, its Fourier transform is
integer-valued). Hence an element of C(O(K),Z) is in the image of ¢, if and
only if

@) fA: Zp(f)(¢)e(\)do € Z forallX € A,.

The homeomorphism P, -y allows us to lift the measure on A} back to O(E)).
If this is done, then (2) becomes

(3) Joy) FS)CR.SHNdS € Z forallA € A,

We have proved

(2.7) THEOREM. The image of t, consists of all f € C(X(E,), Z) which satisfy
(3).

Theorem (2.7) takes an especially simple form when the group A, is small
enough.

(2.8) CoROLLARY. Suppose |A,| < 4. Then Imt, consists of all the maps
f € CM(E),Z) such that f(S) = f(T) (mod2) for all S, T € O(F) and
Zseor,) f(S) = 0 (mod|A,]).

One should note that the measure we have introduced on O(F) i is indepen-
dent of the choice of P. For, if T € O(F) then p o (P, -) o (T, S = p (by
the uniqueness of Haar measures), so p. o (P, ) = p o (T, -).
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(2.9) REMARK. Only minor modifications in the above computation of Im¢,
are required if one wishes to avoid the choice of an ordering P (and use of the
map {P, -)) [6, §3]. One can give conditions equivalent to (3) which not only
avoid the use of a chosen ordering P but also avoid the use of any measure
theory. We restrict ourselves here to remarking that the following conditions
are equivalent (for f € C(%(F),Z)):

(A)f € Imy,.

(B) For every finite subgroup T' of A} we have 3. f(7T) = 0 (mod |T|)
where the sum is taken over all T € {P, ->‘1(I‘).

(O Jyr) f(T)@,T)dT € Zforalla € F;.

(D) Sy f(T)dT € w(V(a))Z for alla € F.

(Here, p is also used to denote the measure on O(F).) See [6, §3] for the
equivalence of these statements.

The next two lemmas will be used in §7.

(2.10) LeMMA. For f € C(X(E,),Z) and P € O(F),

e =z Jygy 18PN ds.

PrOOF. Apply the inversion theorem [17, 1.5.1] to ¥p(f).
(2.11) LeMMA. Let P € O(E)) and q € W(E). If f = t,(q), then

%@ = 3 ([ FO)ESHWES

Proor. Apply the inversion theorem to ®,(g).
3. Exact fields: Definition. Let W, 4(F) denote the reduced Witt ring of F.
We define three homomorphisms:

t: W 4 (F)— Z,
rea(F) eg)

ty: W_(F)— W(E),
0 red() oegEI(F) (o)

v I WE)-> T 2
G EM(F) o(F)

The map ¢ is induced by the total signature map on W(F). Formally,

t({@)rea) = (@, P))peg(ry foralla € F

where 4,4 is used to denote the image of an element ¢ € W(F) under the
canonical map W(F) — W,4(F). The map ¢, is induced by the functorial
maps W(F) = W(E) (¢ € OUF)). That is,
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19(2rea) = (@ ® F),conry forallg € W(F)

where ¢ ® F, denotes the image of an element ¢ € W(F) under the map
W(F) — W(E). t,is well defined since each of the rings W(F,) is reduced, i.e.
has no nonzero nilpotent elements (Theorem (2.5)). Finally, ¢ is essentially the
product of the maps 7, (6 € 9N(F)). That is,

@ 1((@5)seanir)) = (ta(p)(@ap)) (P)pee(r)

for all (¢,),eon(r) € [log(r) W(E). (In (4) we have identified each P € O(F)
with its canonical extension to an ordering in 0(Fp)) —cf. Lemma (2.4).)

(3.1) LeMMA. t = 1 ¢,.

This lemma, whose proof is immediate, shows that ¢, is injective (cf. [5,
Theorem 3.3]), and hence that W, 4(F) = Im¢;. We now turn to the problem
of computing Im¢,.

(3.2) NoOTATION. Let 0, 7 € O(F). We let [6,7] denote the finest place
through which ¢ and 7 factor. Thus [o,7] is the place associated with the
valuation ring 6" (R) - 7~ (R). We will write %, and A, in place of y, ; and
Aol (cf. (2.2)). The value group of [0, 7] is a homomorphic image of the value
group of o [18, Chapter C], so we have a canonical map w, : A, = A,,.
Specifically, w, ,(4,(a)) = v, ,(a) for alla € F'. Thus

(5) WG,T ° vd = wT,O ° v‘r'

The map v, , induces a homomorphism v, .: W(E) — Z,(A, ) determined by
the rule, for alla € F;,

vy (K@) = (1 +2Z)y, . (a).

(The maps W,, and Z > Z, = Z/2Z together induce a homomorphism
Wyt Z(A,) = Zy(A,,) whose composition with any of the maps ®p of
Theorem (2.5) gives the map v;,, above. This proves existence.)

We now define the homomorphism

: W(E, Z,(A
P %Ig") (0) __)a,fel;L(F) 2( 0’1)

by the rule: for any g = (qp)pe%(p) € Hpe%(f‘) W(]i,),
v**(q) = (v;;r(qo) + v"r,o(qf))o,fEGJR.(F)'

Notice that the kernel of y,, consists of all (qp)p with

(6) Ver(d5) = v7,(q,)
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for all o, 7 € OM(F). (The “compatibility condition” (6) is closely related to
those of [3, Theorem 2.1] and [18, Theorem 3, p. 136].)
(3.3) DEFINITION. F is called exact if the sequence

, -1 N
(7 Weea(F) = 1y (C(O(F), Z)) O’TEI;IR(F) Zy(A,)

is an exact sequence. The homomorphisms in (7) are obtained by restricting
the codomain and domain of #; and v, respectively.

One should note that 7, does map into #;” Y(C(O(F), 2)); this follows from
Lemma (3.1) and the fact that ¢ maps into C(6(F), Z ). Later we shall see that
if we give Uy (r) W(F,) the “open-path topology”, then 1 HCOF),2)) is
precisely the set of continuous maps in H%( F) W(E) (cf. Lemma (5.10)). Thus
F is exact if and only if Im¢, consists of all continuous elements of
on(r) W (F,) which satisfy the compatibility condition (6).

(3.4) REMARK. For any field F we have

(8) Imty C 7' (C(O(F),Z)) N Kery,,
and
9) Imt C C(O(F),Z) N 1,(Kery,,).

F is an exact field precisely when equality holds in one (and hence in both) of
(8) or (9).

If F is exact, then W,4(F) is determined up to ring isomorphism by the
following basic invariants of F: the spaces O(F) and 9(F), the groups A, and
A, (0,7 € MY(F)), and the maps w,, and <P,T) (0,7 € O(F) and P, T
€ 0,). (This is an immediate consequence of Theorem (7.1) below. It also can
be easily deduced from Definition (3.3); one uses Lemma (2.3) and Theorem
(2.5) to replace the map # in (7) by an appropriate map [loyr) Z(A,)
- HC(F) Z; for a similar argument see Remark (6.2D) below.) The computa-
tion of these invariants is more or less in the domain of general valuation
theory (and expecially ramification theory).

The next section is devoted to showing that various classes of fields are
exact. In the remainder of this section we specialize some of the concepts
above to some cases of particular interest.

(3.5) REMARKS. (A) One can easily show that |A,| < 2 for alle € O(F) if
and only if every f € C(6(F), Z) of constant parity is in Im¢ (cf. Theorem
(2.7) and Corollary (2.8)). (f € C(6(F), Z) has “constant parity” if and only
if f(P) = f(T) (mod2) for all P, T € O(F).) Any formally real algebraic
extension of Q(x) has the above property.
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(B) It is also easy to show that A, . = 1 for all 0, 7 € IM(F) with ¢ # 7 if
and only if Kery,, consits precisely of those elements of [Ieoy(r) W(F) of
constant dimension-index. (g € ILon(ry W(F,) has “constant dimension-in-
dex” when for every o, 7 € 9(F), the dimension-index of g(o) equals that of
g(7).) Any formally real algebraic extension of R(x) has the above property.

(C) If F is a field satisfying the conditions in (A) and (B) above, then F is
exact if and only if

(10) Imt = C(O(F),2Z) + Z - 1

(cf. (9) above). The fields which satisfy condition (10) are called SAP fields [12,
Corollary 3.21], [9, Definition 1.4].

(D) Elman, Lam and Prestel [10, p. 295] have shown that Fis a SAP field if
and only if F satisfies the following two conditions of Prestel [16, (2.2)]:

(A") |A,| < 2 for any place o from F into a formally real field.

(B) |9(K)| = 1 for any place o: F — K U {0} onto a formally real field K
with A, # 1.

It is easy to check that (A’) and the conditions in (A) are equivalent, and
that when (A’) holds then (B’) and the conditions in (B) are equivalent. The
necessity of (A’) for SAP fields follows immediately. One can prove the'
necessity of (B’) for SAP fields from the observation that if |A;| < 2 for all
0 € M(F) and 1 (Kery,,) D C(O(F),2Z), then A,, =1 for all 6 # 7 in
OM(F). (Sketch of proof. Suppose A, # 1. Then there is an open and closed
set U C O(F) with |[U N (9, U 0,)| = 3. The map sending U to 2 and the rest
of O(F) to 0 cannot be in 7 (Kery,,).)

Fields satisfying conditions (A) or (B) above will be studied again in later
sections.

4. Exact fields: Examples.
(4.1) ProPOSITION. All SAP fields are exact.

Thus, F is exact if it is isomorphic to the field Q((x)) of Laurent series, or if
it is an algebraic extension of either R((x)), Q, or the field of rational functions
R(x). To prove the proposition, note that for any field F we have

(11) Im: C CO(F),Z) N f(Keryy,) € Z -1+ CO(F),2Z).

If Fis a SAP field, then both inclusions in (11) must be equality, and so F is
exact (cf. Remarks (3.4) and (3.5C)).

(4.2) PrOPOSITION. All superordered fields are exact. In particular, all superpy-
thagorean fields are exact.

Recall that a field F is called superordered if every subgroup of F’ of index
two containing 3} F2 and excluding —1 is an ordering of F [6). (Here, 3 F2
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denotes the subgroup of F' of sums of squares.) The superpythagorean fields
are precisely the Pythagorean superordered fields. The proposition implies, for
example, that R((x))((»)) (iterated Laurent series) and Q[/2]((x)) are exact.
Neither of these fields is a SAP field.

PRroOF. Suppose F is superordered. If F admits only one real place, it is
clearly exact. Hence we may suppose without loss of generality that F admits
exactly two real places ¢ and 7 and that the maps w,, and w,  are
isomorphisms [6, Corollary 10]. Suppose (g,¢’) € Keruy,, C W(F ) X W(F ).
We must show (g,4’) € Im¢,. Without loss of generality we may assume
g’ = 0. (If necessary, consider (g,49’) — ty(q;.q) Where ¢” € W(F) has
q" ® F, = q') Then v, (q9) = 0, so ¢ € 2W(F;) (Theorem (2.5)). thus there
exists g, € W(F) with 2(q, ® F,) = ¢. Pick ¢ € F" with 7(c) < 0 < o(c)
< o [3, Theorem 2.1A}. Then ¢, maps ({1, ¢)qy),.q to (¢,9°)-

The next lemma gives a criterion for exactness which will be applied in the
proofs of Theorems (4.4) and (4.5).

(4.3) LEMMA. F is exact if and only if the map W, 4(F)/2W,q(F)
- Kery,,/2 Keru,, induced by t is injective.

PROOF. (=) Suppose g € W,4(F) and 1,(q) = 2g, where g € Kery,,.
Then #,(g) = 4t(g) is continuous. Hence g = #,(g’) for some g’ € W, 4(F)
(F is exact). Since #,(2¢’) = to(q) we have ¢ € 2W,.4(F) (¢, is injective).

(<) Let g € Kery, N 71(C(O(F), Z)). We must show g € Im¢#,. There
exists a least integer m > 0 such that for some g,, € W, 4(F),

41(Gm) = 1(g,) = 2"1(g) = 41,(2"g)
[12, Theorem 3.18(1)]. Thus 1,(g,,) = 2™g (¢, is injective since it is a product
of total signature maps on reduced Witt rings). If m > 0, then by hypothesis
9m = 29, for some g, | € W, 4(F). But this implies that #(g,_)
= 2" ltl (8) (W,q(F) is torsion-free [15, Satz 22]) contradicting the choice of
m. Hence m = 0 s0 g = ty(g,,)-

(4.4) THEOREM. Suppose all the formally real simple algebraic extensions of F
are exact. Then the rational function field F(x) is exact.

(4.5) AppLICATIONS. (A) R(x) is exact. R(x) also satisfies conditions (A) and
(B) of Remark (3.5) and hence is a SAP field. For other proofs of this see [10,
Theorem I} and [7, Theorem 15].

(B) R(x,y) (rational functions in two variables) and Q(x) are exact. Neither
is a SAP field. More generally, F(y) is exact if F is algebraic over Q or R(x)
(see, for example, [10, Theorem I] and [3, Theorem 4.1]). We will study the
total signature map on these fields in §7.

(C) Further applications of (4.4) will be made when we have more examples
of exact fields (cf. (4.8C) and (6.2B)).
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PROOF OF (4.4). Suppose ¢ € W(F(x)) and 1y(¢,.4) € 2 Kery,, . It suffices
to show that g,y € 2W,4(F(x)) (Lemma (4.3)).

Let # € F[x] be monic and irreducible. Set £, = F[x]/(7) and let ¢ = ¢,:
F(x) > FE U {0} be the canonical 7-adic place. The Springer residue homo-
morphisms 8;,.: W(F(x)) > W(E,) (i = 1,2) are determined by the rule that
foreacha € ¢! (E’)andj € Z we have Si’,,(<7rj ay) equal to 0 if i + j is even
and equal to (¢(a)) if i + j is odd [14, p. 85, Lemma (1.2)]. Now suppose F, is
formally real. Let 0 € 9N(E, ). Then o € IM(F(x)) and ¢ extends to a place
F(x),4 = (), U {0} whose valuation ring is discrete rank one with prime
element 7. (The place ¢ can be extended to a place ¢ on a maximal field K
containing F(x) such that ¢ has the same value group as ¢ and ¢ has residue
class field (E ), [19, Theorem 5, p. 38 and Lemma 19, p. 218]. But then (K, 5¢)
is the ultracompletion of F(x) at o¢ [5, Lemmas 1.16 and 1.17].) Let

8ot W(F(x)pe) = W((R),) (i=12)
be the corresponding Springer residue maps. We then have a commutative
diagram 5
WOFGe)) —> W(F,)

(12)

5,
W(F(x) ) = W(F,),)
where the vertical maps are the functorial maps.
Now let o, 7 € O(E ). Then [0¢,7¢] = [0, 7]¢ so we have an exact sequence

1—>Aa,f—'1->A > A, -1

a¢,7¢

({18, Chapter CJ; the injectivity of the map n follows from the fact that the
value group of [0, 7] corresponds to a convex subgroup of the value group of
[04,7¢]). Now, every element of A, ., has the form n()\)vww(wj) for some
A € A,,andj € Z. Thus we have homomorphisms

S-i: ZZ(A0¢,T¢) d ZZ(AU,T) (i = 1, 2)
which take each 71(>\)Uo¢,f¢ (7/) to 0if i + j is even and to A if i +j is odd. The
diagram 5
WEE), ) —— W((F,),)

(1 3) Vso,7¢ Vo,r

Z, (Aa¢ ,T¢) — Z,(Ag ,T)
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is easily checked to commute for i = 1, 2 (cf. (3.2)).
By hypothesis there exist g, € W(F(x)) (for each 0 € 9M(F(x))) such that

(14) tO(qred) = Z(qo ® F(x)a)oe%(l-') €2 Kerv**
(the maps W(F) — W(F,) are surjective for any ¢ € 9N(F) since F, =
E? - F', cf. Lemma (2.1)). For i = 1, 2 we have

tO (si,qr (q)) = (8i,77 (q) ® (Ey)o )o € %(F,)
= (015(q ® F(X)oy))sconr)
= 2(61',0 (qa4> ® F(x)0¢ ) )0 EMF,)

(apply (12) and (14)). Then #,(5;,(q)) € 2 Kery,,, since for any ¢ and
T € OMYE,) we have

v ;,7(8i,o(qo¢ ®F (x)o.p)) = ‘§iv¢,7¢,‘r¢(qo¢ ®F (x)o¢)
= &(v;¢,a¢(qf¢ ® F (x)f¢))

(apply (13) and (14)) which equals v; ,(5;,(q,, ® F(x),,)) (repeat the above
computation with ¢ and r interchanged). Since F, is, by hypothesis, exact,
there exists g;, € W(E,) with §, (¢) — 2g;,, in the nil radical of W(E,), and
hence additively torsion (cf. [15, Satz 22] and Lemma (4.3)). We may and we
do assume that g;, = 0 if §;,(q) is itself torsion.

Thus we have chosen elements 9in € W(E) for i = 1, 2 and for all 7 with
F, formally real. If F, is not formally real, let us set g, = 0 (i = 1,2).

The Milnor exact sequence [13, Theorem 5.3]

0= W(F) > W(ER)) 2> ©W(E) > 0

is split by 8, , . (The map ¢ is the functorial map; § is induced by the maps &)
The sum extends over all monic irreducible 7.) Hence there exists a right
inverse y of § with Y& + 5 , the identity map on W(F(x)). Recall that
qz,, = 0if §,,(¢q) = 0.1t follows that (922) € ©,W(F,). Hence there exists
q' € W(F(x)) with 8(g") = (g,,),- Notice that

(15) &g —29') = (5,,(q) — 29,,),
is torsion. Let us write
q =29+ Ys+¢ed )g—29)
= 29" +48(g — 29') + e(29; , + & ,(9) — 2q, , — 26, (¢"))
=2g" + elg,, — 8,,(¢") + W(g — 29") + (8, (9) — 24, ,))-
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Since the second term above is torsion, g .4 € 2W,.4(F(x)). This completes
the proof of Theorem (4.4).

(4.6) REMARK. The reader can easily prove that if F(x) is exact, then F is
also exact. We do not know, however, if the converse of (4.4) is true. The
converse is implied by the following plausible assertion: if F is the Henseliza-
tion of an exact field, then F is exact.

(4.7) THEOREM. Let 7: F — K U {0} be a surjective place such that 7~'(1)
C X F2. Then Fis exact if and only if K is exact.

Note that our hypotheses in (4.7) ensure that K is formally real. As usual,
S F? denotes the group of elements of F~ which are sums of squares.

(4.8) AppLICATIONS. (A) If F is Henselian, then it is exact if and only if its
residue class field is exact.

(B) F is exact if it is an algebraic extension of either R((x,)) -+ ((x,)) or
Q((x;)) - -+ ((x,)) (iterated Laurent series). For example, Q[\/2,1/3]((x)) is
exact; it is neither superordered nor a SAP field.

(C) F(x) is exact if F is any of the fields in (B) (Theorem (4.4)).

(D) If F is superordered, then it admits a place 7: F — K U {00} with
7 }(K) € 3 F? and with K a SAP field [6, Theorem 1 and Lemma 2]. Thus,
superordered fields are exact. This reproves (4.2).

We begin the proof of Theorem (4.7) with two lemmas.

(4.9) LEMMA. Let 7 be as in (4.7). There exists an injective additive homomor-
phism : W,oq(K) = W, 4(F) with y({r(a)y) = {a) for all a € 7 1(K’).

PROOF. Let ay, ..., a, € 77/(K’). It suffices to show that <a,,...,a, g
= 0 if and only if <{7(q}),...,7(a,)),.q = 0. The place 7 induces a map
O(F) = O6(K) (each P € O(F) is mapped to 7(P) N K°). This map is surjective
[2]. Hence the total signature map on W(F) kills <a, ...,a,) if and only if
the total signature map on W(K) kills {r(a,), .. .,7(a,)). Our conclusion now
follows from [15, Satz 22].

(4.10) LEMMA. { has a left inverse /: W,oy(F) = W,o4(K) which is an additive
homomorphism having Y/ ({ay) = 0 for all a € F with v (a) # 1.

Note that the map ¢/ is uniquely determined since if 4,(a) = 1 thena = bc?
for some ¢ € F and b € v~ !(K’), whence V(@Dreq) = {1(B))req-

PROOF OF (4.10). Let ay, ..., a, € F'. After reindexing and multiplying the
a; by squares, we may assume that for some m < n we have q; € 'r'I(K ) for
all i <m and y(a;) # 1 for all i > m. Suppose <aj,...,a, g = 0. It
suffices to show that <{7(q,), ..., (a,,)>,q = 0. Hence we must show

<al,...,am>red =0
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(Lemma (4.9)). We accomplish this by showing that the signature of
{a,...,a,) at every ordering of F is zero. So let P € O(F). Write
A, =T ® I (internal direct sum) where T is a finite group containing v,(a;)
for all i < n. Then T™* = {p € A}: ¢(I") = 1} is finite. There exists a
bijection &: (T € O(F): (T) = =(P)} —» AF with £(T)(y(a)) = (a,T)(a, P)
foralla € F' (see [2, Appendix] for this generalization of Lemma (2.3)). Let
A = £71(T™*). For each a € y~'(T) we have

2 @T)=(P) 3 &T)y@)=(@P) I ¢x)
Tea Tea $ET*

which equals 0 if 4.(¢) & I" and which equals (a, P)|T*| if 4,(a) € I". Since
the signature of <{a;,...,a,) is zero at every T € A, we have

n m

0= X 2 (ai,T) = E (ai’P)lr*l'
TeA i=1 i=1

Hence the signature of {a,,...,a,,» at P is zero. The lemma is proved.

(4.11) REMARK. Let F’ be the Henselization of F at 7 (hypotheses as in (4.7)).
Then the natural map W, 4(F) = W,4(F') is easily verified to be an
isomorphism. The reader is probably aware that W(F’) is isomorphic to
W(K)(A,) (not canonically, however). Hence we have an isomorphism
W,ea(F) = W,eq(K)(A,). The two lemmas above can be deduced from the
existence of such an isomorphism with appropriate properties.

PrOOF OF (4.7). Let 6, 6 € 9M(K). Then [0,0']r = [o7,0’7]. Hence we may
identify A,, with a subgroup of A, ... Therefore we have a surjective
additive homomorphism ¢, : Z,(A,, ) = Z,(A, ) (namely, for each A
€ Ay, map 1-X to itself if A € A, and to O otherwise). Let 7,: E
— K, U {0} be a maximal extension of 7 to a place with the same value group
as 7 and with residue class field K,. We may identify E with F,, (use [18,
Proposition 8, p. 114] to apply Lemma (2.1)). Since 7, ) c E? (maximal
fields are Henselian), we may apply Lemma (4.10) to get a map y,: W, 4(F,,)
— W,.q4(K,). We then have a commutative diagram

’
Vor,0'r

wred(F) wred(Fa'r) Z2(Ao'r,o'r)

(16) V' v w; o
| o

Wred(K) Wred(Ko) 22 Z2(Ao,o')

(cf. Lemma (4.10)).
Now suppose K is exact. Let g € 2 Kery,,). We must show ¢
€ 2W,4(F) (Lemma (4.3)). We may represent g by an element of W(F) of
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the form
n

El a;) ® <bi1,bigs--sbi )

where the b, ; € 7 1(K’) and the values u(q,), ..., y,(a,) are all distinct. It
suffices to show that <b;;,...,b; ;>4 is divisible by 2 for all i < n. So pick
any i < n. Without loss of generality, i = 1 and a; = 1 (if necessary, reindex
and multiply by {a,>). The commutativity of the first square of (16) implies
that 1,(¥'(¢)) € 2 [k W(K,). For all 6, ¢’ € 9M(K) we have

vy (39(q@) ® K,) = v, (W;(39 ® E,))

which by the second half of (16) equals gb;,a,v;,,a,,(%q ® E,), which by our
hypotheses on ¢ (and (16)) equals

‘P;,o' U;’f,of(%q ® Fo"r) = U:,',o(%tl/(Q) ® Ko')‘

Thus #,(¥'(9)) € 2 Kery,, (here, v, is the map [, W(K,)
= IL, 5 conx) Z2(Aq,q))- Since K is exact, V(g) € 2W,4(K) (Lemma (4.3)).
Thus

<b1,1’ e 3b],sl>red = W’(q) € 2I/V|-ed(F)

(Lemmas (4.9) and (4.10)), which was to be proved.

The proof of the converse is similar but easier; since the converse is not used
below we will only sketch the proof. Composition with 7 gives a bijection
OM(K) = OM(F) [6, Lemma 2]. For each ¢, ¢’ € 9M(K) we have a commuta-
tive diagram

'

1)} ’
Wred(K) W(Ko) = Z2(Acr,o')

v Yo ¥Yo,0'

r
or,0'T

Wred(F) - W(Far) - ZZ(AOT,O'T)
where v, is defined using Lemma (4.9) and 4, , is induced by the canonical
map A, = A, . One can use this diagram to show that if #,(q)
€ 2 Kery,, (where ¢ € W, 4(K) and ¢, is the map on W,4(K)), then
to(Ug)) € 2 Kery,, (where ¢; is now the map on W4(F)). One then applies
Lemmas (4.3), (4.9), and (4.10) to show that g € 2W,.4(K), so that K is exact.

5. Near exact fields. Let v: F* — Hm(r) A, be the “factorization” map,

v(a) = (y,(a)), foralla € F.
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Let 0: Z(F') > H%(F) Z,(A,) be the ring homomorphism induced by w.
(Thus #(1-a) = ((1 +2Z)y,(a)) for all a € F'.) If F has transcendence
degree one over Q, then Im¢ can be described in terms of Imv and purely
“local” invariants: Im¢ consists of all f € Z - 1 + C(9(F),2Z) such that for
some y € Imy,

fP)=f(T) = 1-<P,T)(x(0)) (mod4)
for all ¢ € ON(F), P, T € O, (see Application (5.12); the above condition is
automatically satisfied unless P # T, in which case (P, T)(y(s)) is the image
of y(o) under the canonical isomorphism A, = Z’). We now study a more
general class of fields for which Im #, (and hence Im ) can be described rather
simply in terms of Im ¥ and “local” invariants.

Let vt [lon(ry W(E) = Ilog(ry Z,(A,) be the product of the canonical
homomorphisms v,: W(E) — Z,(A,) (namely, <a) = (1 + 2Z)y,(a) for all
a € F', cf. Theorem 2.5).

(5.1) DerNiTION. Call F near exact when Imi, conmsists of all g
€ [low(r) W(F) with #(g) continuous and 4,(g) € Ima.

Our main objective in this section is to show that various classes of fields
are near exact.

(5.2) PROPOSITION. Every exact field is near exact.

The above proposition is a corollary to Lemma (4.3) characterizing exact
fields and the following analogous characterization of near exact fields.

(5.3) LEMMA. F is near exact if and only if every element of W, (F) which t,
maps into 4 [Leoy(py W(E,) is itself in 2W,o4(F).

One has a similar result for SAP fields: Fis a SAP field iff every element of
W,.q(F) which is divisible by 4 in the Witt ring of every real closure of F is
divisible by 2 in W, 4(F).

PrOOF OF (5.3). (=>) Suppose ¢ € W, 4(F) and ty(q) € 4 Hon(ry W(E)-
Then

u (326(0)) € 20, (o (ry W(F)) = {0} C Imy,
so by hypothesis §1,(¢) € Im¢,. Thus ¢ € 2W,.4(F) (1, is injective).

(<) Suppose g € Ha.m(r)' W(E) has t,(g) continuous and y,(g) € Imy.
We must show g € Im¢y. There exists a least integer n > 0 and g,
€ W,eq(F) with #(g,) = 2"¢,(g) [12, Theorem 3.18(i)]. Then y(q,) = 2"¢.
Just suppose n # 0. Since 7 factors through u, ,, there exists g’ € W, 4(F)
with v, (g) = 1, 1y(¢’). Then g — 1y(g’) € 2 on(ry W(E,) (Theorem (2.5)).
Hence

(9, = 2"9") = 2"(g - 1(¢")) € 4 11 W(E),
on(F)
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so by hypothesis g, — 2"q’ = 2q for some g € W, 4(F). But then

g +2""q") = §1(g,) = 2" "1 (g),
contradicting the choice of n. Hence n = 0, and we are done.

(5.4) THEOREM. Suppose every formally real simple algebraic extension of F is
near exact. Then F(x) is near exact.

(5.5) THEOREM. Suppose 7: F — K U {0} is a surjective place with t~'(1)
CXF 2, Then F is near exact if and only if K is near exact.

The proofs of these two theorems are analogous to those of Theorems (4.4)
and (4.7); indeed Lemma (5.3) turns out to be much easier to apply than
Lemma (4.3). Applications paralleling those in (4.5) and (4.8) can be made. We
will leave the details to the interested reader.

(5.6) THEOREM. 4 direct limit of near exact fields is a near exact field.

(5.7) ReMARK. Combining (5.4) and (5.6) we deduce (by transfinite induc-
tion) that the following two statements are equivalent:

(A) All formally real fields are near exact.

(B) All formally real simple algebraic extensions of a near exact field are
near exact.

We have no counterexample to these statements, or even to the assertion
that all formally real fields are exact.

Some applications of (5.6) are made in Remark (5.9).

We now prove (5.6), using the criterion of Lemma (5.3). First recall,
however, that ON(F) is given the finest topology in which 7: O(F) — 9M(F) is
continuous. A subbasis for this topology consists of all the sets
(17) W@ ={o € MF): -1<o@<1} (a€F)

(These sets generate a Hausdorff topology for which « is continuous. Since
O(F) is compact, this topology is precisely that induced by .)

Let g = <c;,¢3,...,63,) € W(F) with 10(geq) € 4 Ilog(r) W(E). We
must show that g4 € 2W,4(F) (Lemma (5.3)).

Let 6 € OM(F). We can find b,; € F', say where 1 < i <, withg® F,
= 4Cb, s+ vsb,, ). Let ny=r+2r,. The 2n, elements in the sequence
—=Clseves =Coo Bgpsnas by By s ey bots o ees by e ns b, (each by, oc-
curs four times) can be reindexed, say as dyys -« -5 dgap,, SO that for each
i < n, there exist e,; € F' with 0 < o(—e2,d .d._..) < 1 (Theorem (2.5)).

0,i “0,i Po,ng+i

Setf,; = —e2,d,.d,, ,;and f,, ., = 1—f foralli < n,.Then 0 < o(f,;)

0,i “o,i Po,ng+i
< 1for all i < 2n,. Hence there exists a positive integer m; with

0 < o((1 + 2£2)™(2 + £2)™) < (@n,)”"
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for all i < 2n,. Hence if we set

h, 2 (U + 262" + 2™,
then o is in

(18) Kulhy) O Won(1 = ).

As we let ¢ range over 9(F), the sets (18) form an open cover of the
compact space IM(F). Hence there exists a finite subset I of M(F) with

NE) = U (aulh,) N W1 = )
Let n = |I|. For each integer i > 0 and 0 € I, set
Uc.,,- = Toull = ) N T (k).

For i < j we have U C W1 - ha) Vo (h,). Further, for fixed o,
the sets U, ; (i > 0) cover V (Jl h,) N ¥y (h,). Hence there exists an integer
s>0 thh

(4

MF) = U U,

o€l

Now set

p=o( i) (2 (I, %)

Then B is totally positive (since each A, is). We now show that 1 — B is totally
positive. Let p € OM(F). Then p € U, for some o € I. Also, p(h,) is finite
and positive for all + € I. Indeed, any real place on any field E w1ll take a
finite positive value on an element of the form (1 + 24%)(2 + a?)™! (@ € E).
Hence

0<pB) < IL plh)/ T o) = 1.
a#0) o¥ag

Thus for all real places p € IM(F), 0 < p(1 — B) < 1. This shows that 1 — 8
is tc>2tally positive. Hence there exist &, ...,a, € F with1— 8 = o + -
+ a;.

Since F is a direct limit of near exact fields, there exists a near exact field E
with

F2OE2D{a,...,a,} U
{al ax} (061,1(

U Mo {eo,z ’ da i? da,x +n, })
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Let p € ON(E). We claim that |p(h,)| < 1 for some o € I. Just suppose not.
Since B8 and 1 — B are totally positive in E, we have

> o> 0 It/ 2, (1) =

(Recall that p(h,) is finite and positive for each o.) This contradiction shows
that we can pick 0 € I with 0 < p(h,) < 1. Hence 0 < 1 + 2f /2 +f02, <1
for all i < 2n,. Hence —1 < p(f,;) <1 (i < 2n,). Indeed, 0 < p(£,;) <1
fori < n, (since forall such i, f,;,, = 1—f ). Thatis,

(19) 0 < p(— eo,da,do,ﬂa) <1 (i < ny).

Ifa,...,a,€E, letq,...,a, )E denote the corresponding element of
W(E). Then (19) implies that {d, ;,d,;,, >g ® E, = 0 for all i < n,, whence

(epsevereydp ® E, = &by, ..., b, % ® E, € 4W(E,).

Since E is near exact, we conclude (Lemma (5.3)) that there exists ¢’ € W(E)
with ({¢j, +++ 560,08 )red = 2d4eq- Then

Grea = (eps v v e3¢ 0p ® Feq € 2W,o4(F),

which was to be proven.

(5.8) THEOREM. Suppose Wy (a) (cf. (17)) is closed for all a € F'. Then F is
near exact.

(5.9) AppLICATIONS. (A) If 9N(F) is finite, then F is near exact. We will apply
this result in §6 to show that if 9W(F) is finite, then F is exact. Among the fields
with OU(F) finite are the superordered fields (and hence, in particular, the
superpythagorean fields) and the fields with only finitely many orderings (and
hence, in particular, the fields with only finitely many square classes).

(B) Suppose M(F) is finite. Then ON(E) is finite for every simple algebraic
extension E/F. Hence every formally real algebraic extension of F is near
exact (apply (A) above and Theorem (5.6)) and the rational function field F(x)
is near exact (Theorem (5.4)).

(C) Suppose F/Q is algebraic. Then F is near exact (cf. (B) above). Note that
Im v consists only of 0 and 1 (since A, = 1 for all 6 € 9N(F)). Also note that
a: O(F) = O(F) is a bijection and that we may identify the map W(F)
— W(E,) with the signature map of the ordering 7~ (0) (for all 6 € OM(F)).
Hence Imt = C(O0(F),2Z) + Z - 1 (Definition (5.1)). Thus F is a SAP field.
This result is also proved in [3, §4], [14, Example 2.10, p. 64], and [9, §3,
Example 1].
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(D) Suppose that F is an algebraic extension of Q(x) such that the map
o > o(x) carries OM(F) bijectively onto a subset C of R U {c0}. Then F
satisfies the hypotheses of Theorem (5.8) if and only if all algebraic elements of
C are isolated. (We regard R U {0} as the one-point compactification of R.
oo is regarded as an algebraic element. In §8 we will show that for any
compact subset C of R U {c0}, there exists an algebraic extension F of Q(x)
with 9U(F) mapping bijectively onto C.)

PrOOF OF (D). (<) Let a € F'. We show ¥ (a) is closed. The complement
of ¥y (a) is the disjoint union

I{m(a’]) U {o: ala + 1) = 0} U {o: o(a — 1) = 0}.

Hence it suffices to show that {o: o(b) = 0} is open for all b € F'. So let
b € F'. Since b is algebraic over Q(x), there exist polynomials f, € Q[x] with
fo=2 (;xi #0and 3, fb' = 0. If o(b) = 0, then either o(x) = oo or
S ro(x)' = 0. In either case o(x) is algebraic. Thus {o: o(b) = 0} is open (all
of its points are isolated).

(=) Just suppose 7(x) is algebraic and not isolated in C for some
7 € OM(F). Then there exist distinct 7, 7, ... € OM(F) with 7,(x) = 7(x) as
i = o0. There exists f € Q(x) with 7(f) = 0 and f either equal to 1/x or to a
polynomial. Our hypothesis implies that ¥ = {¢ € IM(F): o(f) = 0} is open
(it is the intersection of ¥ (f) with the complement of

(1 +f) U Ky (f = 1)

Since V is a neighborhood of 7 it must contain infinitely many of the 7;. On
the other hand, if f = x~! then ¥ = {r} and if f € Q[x] then V = {o: o(x) is
a zero of f}. In either case V is finite, a contradiction.

We begin the proof of (5.8) with a lemma of interest in itself. As usual, we
regard I, con(r) W(F,) as a set of maps from 9R(F) to the disjoint union
Us eon(r) W(F,). We give this disjoint union the coarsest topology in which the
“paths”

path(g) = {g ® £: ¢ € 9M(F)}

are open for all ¢ € W(F).

(5.10) LEMMA. Ler g € H%(F) W(E). Then g is continuous if and only if
1,(8): O(F) = Z is continuous.

Proor. First suppose g is continuous. Let P € O(F). We must find a
neighborhood W of P such that #(g)(W) = #(g)(P). Since W(F)
— W(E,p)) is surjective, there exists ay, ..., a, with g(n(P)) = {a,...,a,)
® F,,(,,). It then suffices to set W equal to
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(e patiCar, .0, 1 (V@ Pay)

Now suppose #,(g) is continuous. Let ¢ € 9(F), and let ¢ € W(F) be
such that g(6) = ¢ ® F,. We must find a neighborhood of ¢ which g maps into
path(g). There exists an integer n > O and ¢’ € W(F) with 1(q.q) = 2",(g)
[12, Theorem 3.18(i)]. Then ty(q.q) = 2"g. Pick a,...,a,, € F with
2"g—-q' ={a,...,a,,). Since (2”q q’') ® E, = 0, we may assume the g;
are indexed so that —a;a,,,, € F foralli < m (Theorem (2.5)). Hence there
exist¢; € F', i < m, with —1 < a(c a;a;,,,) < 0 (i < m). Hence

m
W= 4, Lcji,,,EF ’nl(%)ll(a i+m%i ) Nk (l +a 1+md2))
is a neighborhood of o Suppose 7 € W. Then for some dj, ..., d, € F we
have —1 < r(a;a;,,,d?) < Ofor alli < m. Hence {a, @y ® E = 0for all
i < m. Thus (2”q q') ® F = 0. Hence 2"(g ® E) = ty(qLeq) (1) = 2"g(7).
Thus g(r) = ¢ ® F, € path(g). Hence g is continuous.
We now prove Theorem (5.8). Suppose there exists g € [leow(ry W(F) and
W,eq(F) with 75(q) = 4g. It suffices to show that ¢ € 2, d(F) (Lemma
(5.3)) g is continuous since #(g) = }#(g) (Lemma (5. 10)) For each o
€ 9(F) pick g, € W(F) with g(o) = ¢, ® E,. The open sets g ! (path (g,))
cover IM(F ). Our hypotheses ensure that OM(F) is totally disconnected. Hence
there exists a disjoint open cover W, ..., W, of 9U(F) and ¢, ..., q,
€ W(F) with g(W,) C pathg; for all i < n (this requires a purely topological
argument). For each i < n choose u; € F' with o(u;) < 0 for all ¢ & W, and
0 < o(u;) < 1forallo € W, [3, Theorem 2.1A]. Then for any 6 € OM(F), say
o E W, we have

é, (L u;g;) ® F, = 2q; ® F, = 2g(0) = 31,(q)(0).

Thus

to(g) = t0(2 él <1’ui>qi)

Since ¢, is injective, g € 2W,4(F). The theorem is proved.

(5.11) THEOREM. Suppose W,y (F) is 2-stable, i.e., I 3 = 212 where I denotes
the set of elements of W,.4(F) of dimension-index 0. Then F is near exact.

(5.12) AppLICATIONS. (A) If F has transcendence degree one over Q or two
over R then F is near exact [20, §3]. Hence F(x) is also near exact (Theorem
5.4). Thus, for example, Q(x,y) and R(x,y, z) are near exact.



THE REDUCED WITT RING OF A FORMALLY REAL FIELD 279

(B) Suppose |A,| < 2 for all ¢ € OM(F). Then Im¢ consists of all f
€ Z -1+ C(O(F),2Z) such that for some y € Imy,

(*) fP) = f(T) =1-<P,T)(x(0)) (mod4)

forallo € M(F) and P, T € O,. (Note that (P, T)(y(0)) = 1if and only if
P = T or y(6) = 1.) Proof. Suppose f = t(q) where ¢ € W(F) has discrimi-
nant d and dimension-index n (where we regard n as an element of {0, 1} C 2).
Then ¢* = g — n{1) + {1,—d) has discriminant 1 and dimension-index 0, so
g* is in the square of the augmentation ideal of W(F). Hence t(g*)
€ C((F),4Z). Thus for allo € M(F)and P, T € O,

fP)=f(T) = @P)-(4T)=1-<P,T)(%(d)) (mod4).

This proves the necessity of (*) for elements of Im¢. Now suppose f
€ Z -1+ C(O(F),22Z) satisfies (*), say with y = v(d). Then f = ,(g) for
some g € []op () W(F) (Corollary (2.8)). Leto € IM(F)and P, T € 6,. The
above calculation shows

(P, T)(y,(d)) = {P,T)(y,(discg(o))) (mod4).

Hence v,(d) = y,(discg(o)) (Lemma(2.3). Using the fact that |A | < 2, one
checks thatv,(g(0)) = 1 + n + 2Z + y,(discg(0)) (note first that y (a) + v,(b)
= 1+ y(ab) in Z,(A,) for alla, b € F’). Hence y,(g) = v(1 +n+ 1-4d).
Since W,.4(F)is 2-stable [20, §3], our result now follows from Theorem (5.11)
and Definition (5.1).

ProOF OF THEOREM (5.11). Suppose ¢ € #;'(4 [Iop(r) W(E)) and f
= t(g)/2. It suffices to show f € Im¢ (Lemma (5.3)). Suppose P, T € O(F)
induce the same place ¢ € IM(F). We can write ¢ ® F, = 4 3 n.{c) where
the sum is taken over all ¢ in some set of elements of F* whose values in A
are distinct. Note

f(P) =2Zn(c,P)) = Z2n, = f(T) (mod4).

Since Im¢ O C(O(F),4Z) [20, §3], we may suppose Imf C {0,2}. Then we
can write f = gz where g € C(OM(F), Z). It therefore suffices to find a € F’
with (@) < 01if g(6) = 0 and 0 > a(a) > 0if g(s) = 2. This is possible by
the next lemma.

(5.13) LemMa. Let A = Myeon(r)0™ ' (R). Define : A = C(OR(F),R) by
#(a)(0) = o(a) for alla € A and ¢ € MYF).
Then ¢(A) is dense in C(OW(F), R) (in the sup norm).
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PROOF. A is a ring containing Q. Hence the closure of ¢(4) contains the
constant functions. If ¢ % 7 € 9(F), there exists a € F' with o0 > a(a)
> 0 > 7(a). We may suppose a € A (replace a by a/a* + 1). Hence ¢(d)
separates points. Now apply the Stone-Weierstrass Theorem.

6. Fields with only finitely many real places.

(6.1) THEOREM. Suppose ON(F) is finite. Then

0 Wey(F) > T1 WE)2S I1 Z,(A,,)
M(F) 0,TEM(F)

is exact. That is, F is exact.

(6.2) AppLICATIONS. (A) A field with only finitely many orderings is exact.

(B) If ON(F) is finite, then 9N(E ) is finite for all simple algebraic extensions
of F. Hence F(x) is exact (Theorem (4.4)).

(C) Theorem (6.1) gives an alternate method for showing that some familiar
fields are exact. For example it implies that superordered fields are exact (cf.
(4.2)) and that all formally real simple algebraic extensions of
O((x;)) + * + ((x,,)) are exact (cf. (4.8B)).

(D) If 9n(F) is finite, then W, 4(F) is determined up to ring isomorphism
by the groups A, (6 € 9(F)) and the maps w,,: A, = A, (6,7 € IM(F)).
For, let w1 Z(A,) = Z,(A,,) be the map induced by w,, (0,7 € IU(F)).
Then W,4(F) is isomorphic to the subring of [],con(r) Z(A,) consisting of
all (g,)econ(r) such that w, . (q,) = wy,(q,) for all 6,7 € OM(F). (Proof.

Define u: HGMF) Z(A,) — Ho,fe%(r) Z,(A,,) by
u((qo)a) = (w;,,-r (qo) + w;-,,o (qf))a,'r

For each ¢ € 9(F) pick B € 0,. Then H%( ) Pp is an isomorphism whose
composition with u is v, . Now apply Theorem (6.1).) For example, if the real
places on 9N(F) are pairwise independent, then W,4(F) is isomorphic to the
subring of [Jopr) Z(A,) consisting of elements of constant degree-index. (The
“degree-index” of an element of Z(A,) is the sum of its coefficients mod 2.)
We now begin the proof of (6.1). Write IU(F) = {o;,...,q,}. For each
Lj<nlet A =0 (R), A= Agyv; =10, Ny = Ay Vi =4, and

Wii = W00 We may suppose that the o; are indexed so that
(20) A Ay € A4, foralli <j<n

(Such an indexing is easily constructed inductively. These indexings arise
when the tree of all valuation rings of F which are products of the 4; is
represented by a plane graph.) Since 4;4; C 4;4;,,4; € A;A; for all i <j
< n, we can deduce by an easy induction that
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Q1) AA; = A A A (0 <) < n).

We have a homomorphism w: [];¢, A; = II;<, A;;4+; given by the rule

WAicn) = W1 A1, As1))icn

for all \);¢, € Ilic, A;- We now compute Imw.

(6.3) LEMMA. The sequence

F 11 A 11 Ay 1
isn i<n 7

is exact. In particular, the image of v is

{O‘i)i<n € gn At Wit ) = Wi, () for all i < "}-

PROOF. w is surjective since each of the maps w; +1,; 1S surjective. (To find a
preimage (A}, ...,A,) for an element of [], ., A;;,;, set A, = 1 and solve for
Ay, ..., A, in turn.) Formula (5) of §3 implies that Imv C Kerw. Now
suppose (A,);¢, € Kerw. We shall construct by, ..., b, € F withy;(b;) = A,
and b;A4;A; = b;A;A; for all i,j < n. That (\));¢, € Imv will then follow
from [3, Theorem 2.1B). For each i < n, pick a; € v'(\,). Let b, = q.
Suppose inductively that for some m, 1 < m < n, we have found b, ..., b,
with v,(b;) = A; and b;4;4; = b; A, A; whenever i, j < m. By hypothesis b,,
and a,,,, have the same image in A, .. Hence there exists ¢ € F* with
a1 b,'c? a unit in the valuation ring A,A,. - Letb, = achz. Then
Upi1Opi1) = Nypyand b, A4, A, 1 = b, 1A, Ay - Further, for all i < m
we have (by hypothesis and (21))

bidi Ay = bididigy - Ay = Aibi Ajyy o Ay

]
=AiAi 1 b Aiy Ay =
=4;- 'Ambm+lAm+l = m+IAiAm+l .

This completes the induction and the proof of Lemma (6.3).
Let w; ;: Z,(A;) = Z, (4 ;) be the ring homomorphism induced by w it A
—> A; ;. We have a homomorphism

w: 11 Z,(A;) — H Zz(Ai,i+l)
i<n i<n
given by the rule (for any g; € Z,(4,;))

w((@,)icn) = W},41(a) + Wi, @1))icn-

We now compute the image of 7.
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(6.4) LEMMA. The following sequence is exact:

Z(F) L iI<In Z,(A) B il;[n Zy (A1)

Proor. That Kerw 2 Im# follows from (5) of §3. We now prove the
reverse inclusion.

For each ¢ € 9U(F), the group homomorphism A, — 1 induces the “aug-
mentation homomorphism” Z,(A,) = Z,. The product of these ring homo-
morphisms is a map

(22) mlgr) Z,(A,) — mlgr) Z)

which carries each element of Ker# to either 0 or 1. Let B, be the set of
elements of Kerw which the map (22) carries to 0. Since Kerw = B,
U (#(1) + By), it suffices to show that B, C Im#. For each i < n let

Bi = {(Ai)i<n € BO:}\I = AZ e — }\i = O}.

Clearly B, C Im®. Suppose inductively that B, ; C Im# for some k > 0. It
will suﬁice to show that B, C Im7. So let A = (\;),¢, € B;. We can write'

ANy = 2,=1 Ye+1(a;) (Where the a; € F). Since wp 1 Asy) = Wiz (Ar)
= 0 we may assume the a;s are 1ndexed so that for all i < s,

wk+l,kvk+l(ai+s) = Wk+1,k”k+1(ai) = Wk,k+lvk(ai)

(cf. (5) of §3). But this says that for all i < s

(23) (@), vy(a), - oo (@), U1 (@ ) U2 (@4 5)s - - 50, (a54 )

is in Ker w. Hence by Lemma (6.3) there exist b, € F~ with (23) equal to v(b;)
(for all i < s). By construction we have

S
A+ ,El () + v(a;)) € By, C Ims
=

so A € Im7. This completes the induction and the proof of the lemma.
We now give the proof of Theorem (6.1). First, F is near exact (Application
(5.9A)), so

Imty = 71(C(O(F),Z2)) N 4 ' (Imp)

(Definition (5.1)). Also Im7 = Kerw (Lemma (6.4)) and H(C(O(F), 2))
= Ilon(r) W(E,) (each 0, is open in 6(F)). Moreover y, ~!(Kerw) D Keruy,,
since W - y, factors through U 4 - Putting all this together we have



THE REDUCED WITT RING OF A FORMALLY REAL FIELD 283
Imzy = v, '(Kerw) 2 Kery,, 2 Imy

(cf. (8)). The theorem is proved.
Lemma (6.4) permits a slightly nicer calculation of W,4(F) than Theorem
(6.1) alone.

(6.5) COROLLARY. Suppose ON(F) is finite and that its elements oy, . .., 0, are
indexed so that (20) holds. Then Im ty consists of all (q;, . . . ,q,) € II;i=; W(E,)
with

vii1(9) = vis(gi)) Soralli n.

(6.6) COROLLARY. Suppose |9(F)| < oo. The following are equivalent:
(A) Im t consists of all elements of [1oy(ry W(E,) of constant degree-index.
(B) A,, = 1forallo,7 € IN(F).

(© v: F' = Tlonr) A, is surjective.

ProOF. The equivalence of (A) and (B) follows from Theorem (6.1) and
Remark (3.5B). That (B) implies (C) follows from Lemma (6.3). Now suppose
(C) holds; we will deduce (B). Lemma (6.3) implies that A;;,; =1 for all
i < n. But for any i < j, we have 4;4; 2 4;4;,, (cf. (20)), so that A, ;is a
homomorphic image of A;;,,. Thus A; ; = 1foralli # .

(6.7) ReMARK. Suppose 9U(F) = {o;,...,0,), the o; satisfying (20). In
Lemma (6.3) we showed that the cokernel of v is X, A; ;4. We sketch here
how to compute the kernel of v. We also give another computation of the
image of v.

We have an exact sequence

1 >3 F2 - Kerv £ R/R? -1,

(22) %I(IF) /

The group R/R? is cyclic of order two, so the exactness of (22) says that
|[Kery/S F?| = 2". The map a above is inclusion, and 8 is defined by

Ba) = (o(ac?) R*),conry

where for each a € Kerv and o € 9U(F) we choose ¢, € F' so that
o(acg) € R'. B(a) is clearly independent of the choice of the c,. The
surjectivity of B follows from [3, Theorem 2.1B]. That Ima C Kerf is
obvious. The reverse inclusion follows since any a € Ker 8 is positive under
every ordering of F, and hence is totally positive.

We now give an isomorphism from Imv to A, X [T/, Kerw,; ;. The
groups Kerw;; | may be canonically identified with the square factor groups
of the value groups of certain valuation rings [18, Chapter C|. Let A, = 1
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and let Wio A - A],o be the zero map. For each i, 1 < i< n, let K;

= Kerw;;_; and let y;: K; — A, be the inclusion map. Since the sequences
1 - K, 25 A, L Ao —1
are split exact, we have exact sequences
Yi i
A A AR TR R

with y;y; and w,;_|w; the respective identity maps. Define T: ], K;

= [Ii<, A; inductively by the condition that T(A,...,A,) = (g, ...,n,) if
and only if A\ =y, and forn >i > 1,

By = Ai+l"7i+lwi,i+l("i)°

One checks that the sequence

1> L KD IL A5 T Ay — 1
i<n i<n i<n
is exact. That T maps isomorphically onto Imv now follows from Lemma

(6.3).

7. The total signature map of an exact field. Recall that for each 0 € M(F),
0, is homeomorphic to the space ©(F), which carries a canonical Borel
measure (cf. §2, especially (2.4)). Hence O, carries a canonical Borel measure
p with p(0,) = 1; one can define it more directly by using any of the
homeomorphisms {P, -) of Lemma (2.3) to lift the canonical Haar measure on
A} back to 0.

(7.1) THEOREM. F is exact if and only if Im¢ consists of precisely those maps
f € C((F),Z) such that for all P, T € O(F) (say with 6 = n(P) and
=n(T))and B € A,,,

@ 3, LD 3 [ EXTSH0as

is an even integer.

PrOOF. Let f € C(O(F),Z). Let P, T € €&(F) with ¢ = #(P), 7 = «(T).
For each B € A, let ag p 7 be the number displayed in (23) above.

Suppose ¢ = 7. Then w,, and w, ; are identity maps. For each 8 € A, with
{P,TY(B) = —1 we have

(P,SY(B) + KT, S)(B) = (P,S)(B) + (P, TH(B)<P,S)(B) = 0
forall § € 0, s0 a5 pr = 0. For each 8 € A, with (P, T)(B) = 1 we have
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ag,pr =2 [, J(S)P,S)(B)dS.

In particular, for all 8 € A we have

agpp =2 [, f(S)P,S)(B)dS.

We conclude that appp Wwill be an even integer for all P and T with
7(P) = «(T) and all B if and only if f € Im t; (Theorem (2.7)).

Now suppose ¢ # 7 and that f € Im¢# . Write f = 1((g,),), where g,
€ W(E)forallp € "JIL(F )- Let wi 1 Z(A,) = Z,(A,,) be the map induced
by w, then wy ®p = v, (cf. 3. 2)) By Lemma (2. 11)

i) = wio( 3 ([ 16)@S>Mas))

> ( f F(S)CP,SY(N)dS + 22)3

BEAs: \Aewz}(B)

A similar calculation holds for v; ,(g,). Hence v**((qp) ) takes at (o,7) the
value 3pc (@ pr+ 2Z)PB. Hence ap p 1 is an even integer for all P, T and
B with 'rr(P) * #(T) if and only if 4,4 ((g,),) = 0, ie. (g,), € Kery,.

Thus the set of f € C(O(F),Z) with ag pr € 2Z for all P, T, B is exactly
1,(Kery,,) N C(O(F),Z). But F is exact if and only if this set is Im¢ (cf.
Remark (3.4)). The theorem is proved.

(7.2) REMARKS. Let f € C(O(F), Z) have constant parity.

(A) Our proof of (7.1) shows that if f € Im¢, then

24 a €2Z forallP, T € O(F),B EA,_.
B,P,T 0,7

(As above, appr equals the number displayed in (23), o = #(P), and
r = @(T).) The proof of (7.1) also shows that condition (24) is highly
redundant: (24) holds if and only if for all 6, 7 € 9U(F) and B € A, there
exists P € O, and T € O, (with P = T'if ¢ = 7) with ag py € 2Z.

(B) If o, 7 € OU(F) have A, = 1 (i.e. o and 7 are “independent modulo
squares”), then agpr=f (P) + f(T) for all B € A,, (Lemma (2.10)). Thus,
for example, the condition “ag p € 227 is automatlcally satisfied when P
and T induce independent real places. It is also automatically satisfied when
P and T induce the same real place o and |A,| < 2. Thus, in particular, (24)
holds for all functions f € C(8(F),Z) of constant parity if |A,| < 2 and
A,, = 1forall o, 7 € M(F) (6 # 7). But we knew that this had to be the
case since such fields have Im¢ = C(O(F),2Z) + Z - 1 (cf. Remark (3.5)).

We now specialize Theorem (7.1) to those fields in which at most four
orderings can induce any one real place. Such fields include, for example, all
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of the formally real algebraic extensions of the exact fields Q(x), R(x,y),
R((x))(»), and Q(x)((»)). We will use the next theorem to compute Im¢ for
the fields Q(x) and R(x,y).

(7.3) THEOREM. Suppose |A,| < 4 for all 6 € OW(F). Then F is exact if and
only if Im¢ consists of all f € C()(F), Z) of constant parity with

(25) gf(P) + %f(P) =0 (mod8)

for all o, 7 € OMUF) with |A,,| = 4, and

(26) él f(B) =0 (mod4)

for all distinct B, B, B, B, in O(F) such that for some o, 1 € OM(F) (6 # 1) and
nE A:, we have B, B € O , B, E, € O, and

@7 CR.BY =mw,, and <B.BY =,

Before proving Theorem (7.3) we will give two interpretations of condition
(27) and some applications of the theorem.

(7.4) ReMARK. Suppose [A,| < 4 for all ¢ € 9N(F). Suppose o,
€ M(F) (0 # 1), and that B, B € O, and B, B € 0, are all distinct (cf.
Theorem (7.3)).

(A) We first give a case-by-case discussion of when there exists 7 € A,
with (27) valid. First suppose |A, .| = 4. Then (27) holds for some 5 € Aa’f 1f
and only if w, . (Ker(R, B)) = w, ,(Ker<B, B)) (i.e., (R, B) = (B, B), treat-
ing the isomorphisms W r and w as identifications). Next note that if
A,, =1, then (27) can never hold This is because if (27) holds for some
] E A”, then n # 1 (otherwise (R, B) = 1, contradicting that B % B, cf.
Lemma (2.3)). Finally suppose |A, | = 2. Then there is only one nontrivial
map n € A* We will have <}f,P> = nw,, (for this 7) if and only if either
Al =2, or else |A,| = 4 and Kerw, = Ker(R,B). (A similar remark
holds with 7 in place of o.)

The case when [A,| = |A,| = 4 and |A, .| = 2 is of particular interest (cf.
(7.5C), below). Then w,,, and (R, B have the same kernel if and only if £ and
B induce the same ordering in the residue class field of [o, 7).

(B) There exists n € A* with (27) valid if and only if A, # 1, {B, B}
=0, N V(b), and {P,P} =0, N V(b) for some b € F w1th v L) =1if
A, | 2 [3, Theorem 2.1A).

(7 5) APPLICATIONS. (A) The image of the total signature map on W,.4(Q(x))
consists of all f € C(O(F),Z) of constant parity such that
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S f(P)= = f(P) (mod4)
PEs, Pe6,

for all pairs of nontrivial equivalent real places o, 7 € M(Q(x)). (Two real
places o, 7 on Q(x) are nontrivial and equivalent if and only if A,, # 1; this
is because every nontrivial real place on Q(x) is discrete rank one. Now use
Application (4.5B) and Remark (7.4A) to apply Theorem (7.3) to Q(x).) It is
perhaps worth noting here that the spaces 9(Q(x)), 9M(Q(x)), and the equiva-
lence relation on 9M(Q(x)) are all fairly transparent. M(Q(x)) is discussed in
§8 below. Tom Craven has shown me a computation of the space 6(Q(x))
(unpublished, but see [7]).

(B)If [A,] < 2foralle € 9N(F), then F is exact if and only if Im7 consists
of all f € C(&F),Z) with Spcg f(P) = Zpeg, f(P) (mod4) for all g, 7
€ ON(F) with A, # 1. (This is a generalization of (A) above.)

(C) The image of the total signature map on R(x,y) consists of all
f € C(O(F), Z) of constant parity such that 2:;1 f(B) =-0 (mod 4) whenever
R, B, B, B, are distinct orderings of R(x,y) which either all induce the same
real place on R(x, ) or else induce two real places o and 7 with B, B € 0, and
B, B € 0, and Kerw,, = KerR, B) and Kerw, , = Ker{B, B). (All pairs
of distinct real places on R(x,y) are incomparable (Lemma (2.4)), and all real
places on R(x,y) are either rank one or discrete rank two [1, Proposition 2.46).
Hence |A,,| =4 only if 6 = 7, and |A,,| =2 only if 6 = 7 or [A,| = |A,]
= 4. Now use Application (4.5B) and Remark (7.4A) to apply Theorem (7.3)
to R(x,y).) A similar computation of Im¢ holds for exact finite dimensional
extensions of R(x,y). We note in passing that 9(R(x,y)) and O(R(x,y)) have
been computed as sets; the key fact is that the set of real places on R(x,y)
which extend a given real place on R(x) is bijective with an easily described
set of (R,Z)-signatures [4, especially §6]. The dependency relation on
OM(R(x,y)) can also be discussed in terms of signatures.

We now give the proof of Theorem (7.3). Letf € C(O(F),2Z) + Z - 1. Let
o, 7 € IM(F) with A, # 1. We can write O, = {R,B,RB,B}and 0, = {B, B,
B,R}where R = Bifo =7,F = Rand B = Bif |9,| = 2,and B = B and
B = Rif |9,| = 2. By Remark (7.2) it suffices to show the equivalence of the
following two statements:

(M agp p, €2Zforall g € A,,

(Here, ag p 7 denotes the number dlsplayed in (23).)

1

3
,21 f(B) = 0(mod8) if |A,,| =4,
‘=

and
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.é f(P) =0(mod4) ife #r

and (27) holds for some n € Ao,T
Case 1. |A, | = 4. We use the isomorphisms w, , and w, , to identify A;, A,,
and A,,. We have

1 8
(28) aI:PIxPZ = Z(:;——:l f(f:))a
and whenever
(29) 1 # B € Ker{B,B) N Ker{B, B>,
then

(30)
148
=5 2 f(B) —a,p p,

Now suppose (I) holds. Then 2, 1 f(P) = 0 (mod8) (by (28)). If ¢ #* 7 and
(27) holds for some 7, then (29) holds (cf. Remark (7.4A)) with B a generator
of Kern. Hence (30) shows that 2, 1 f(P) = 0 (mod4). Now let us suppose
that (II) holds. Then a; p p € 2Z by (28). Let 1 # B € A,,. We may
assume that B, B, ..., B are indexed so that (29) holds (Lemma (2.3)). Then
(27) is satisfied (W1th n€E A* the unique map with kernel {1,8})). That
aﬁ, p,P, € 2Z now follows from (28) and (30) (if ¢ = 7, then (29) implies that

= &) This completes our discussion of Case 1.

We henceforth assume that [A, | = 2. If 1 # 8 € A, then we have (for
Peo,TEO)

agpr =f(P)+f(T)—aypr=aypr (mod2).

Hence it suffices to show the equivalence of the following two statements:
(I)al PP, € 22Z.
ar)

.él f(B) = 0(mod4) ifo + r,

{R,B) =w,,,and<B,R) = w,
In the statement of (II’) we have made the canonical identification of A,
and Z'.
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Case 2. |A,| = |A,| = 2. Then g, p p, 22,4 1 f(R). Also {B,B) =
and {B,R) = w,, (each map has trivial kernel). The equivalence of (I') and
(IT) is now immedlate

We may now assume without loss of generality that |A | = 4. Hence o # 7.

Case 3. |A,| = 4. Let o generate Kerw,  and «, generate Kerw, ,. Now,
(R,B) = w,,and {B,R) = w,, if and only if

€2 (R,B)(e)) =1 =<B,R)(a).
If (31) holds, then @) p p, = i 2;;1 f (}}) (since a; p p, equals

2 f(P)(l + (PR () + 2, f(P)(l + (P, B)(ay)))-

That (I’) implies (II') is now immediate; the converse follows from the fact that
we can index B, B, ..., B so that (31) holds (Lemma (3.2)).

Case 4. |A,| = 2. The proof for Case 3 carries over to this case with only
minor modification.

8. Some fields of transcendence degree one. We thank Tom Craven for his
collaboration on this section. Our objective is the following example, which
was promised in Application (5.9D).

(8.1) ExampLE. Let C be a compact subset of R U {oo} (the one-point
compactification of R). There exists an algebraic extension F of Q(x) such that
the map o > o(x) carries 9M(F) homeomorphically onto C and such that Fis
SAP if and only if C contains no pair of distinct conjuga;te algebraic numbers.
(We regard oo as “algebraic”, but not a number.)

For example, if C = {1/2,—/2, 7}, then the corresponding field F is not a
SAP field. However, the quadratic extension K = F[y/(x — 2)] is a SAP field.
(The only real places on K are the two homomorphisms carrying \/(x — 2) to
V(r —2) and to —/(7 —2).) Thus a non-SAP field can have a finite
algebraic extension which is SAP. This answers a question of Brocker [20, p.
251] and Prestel [21, p. 151].

We begin the proof of (8.1) with two lemmas.

(8.2) LeMMA. Let F be a field and a € F'. Let K = Flay,a;,...] and
E= F (b, by, . . . ] be algebraic extensions of Fwithay = by = aanda?,| = g
and b, = b, foralli > 0.Ifa & Z' - F? then there is an F-isomorphism from
K to E carrying each a; to b,

ProOOF. Let F, = Flay,a,... ,a] for n > 0. Suppose inductively that
a, € Z - F, 2 Then a., € Z- +1’ since otherwise for some ¢,d € F,,
(ca 41 +d)° = *a,,,. But then 2cd # 0 and a, = —(d)c)* € - —FE?, a con-

tradiction. The required isomorphism is now easily constructed inductively.
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When the hypotheses of (8.2) hold we write /2" for a,. The only other use
we make of this notation is when a is a positive real number; then, a/%"
denotes its unique positive 2"th root.

(8.3) LEMMA. Let ¢ € OUF) and a € o~ '(R?). Suppose a & F2. Let
E=F [al/ 2,44, ...1(cf. Lemma 8.2). Then ¢ has a unique extension to a real
place o’ on E. The value groups of o and o' are the same, and the residue class
field of ¢’ is K = F '[o(a)l/ 2,o(a)l/ ‘.. .] (¢f. the paragraph after Lemma 8.2)
where F' = R N o(F).

ProoOF. There exists an extension oy of o to a field Fy which is Henselian,
has the same value group as o, and has residue class field K. By Lemma 8.2
we may regard E as a subfield of Fy (apply Hensel’'s Lemma [18, p. 185] to the
polynomials x2 = g/?¥ )-Leto’ = aHIE Then ¢ has the required value group
and residue class field. Suppose ¢” is an extension of ¢ to a real place on E.
Suppose inductively that ¢’ and ¢” agree on F, = F [a"2, a?, ... ad" ] for
some n > 0. Then there exists an F- automorphlsm pof F, and a o(F,)-
isomorphism 6: o'(E,.;) = o"(E) thh 0”p = 8o’ on E,, [p. 152, Chapter 6
of Bourbaki, Algébre commutative, Hermann, Paris, 1964). If  is not the
identity map, then p is the identity map [18, p. 228]. Hence

0 < 0"(ayyy)" = 0"(ayy)) = 00'(a,,,) = —0'(a,,,) <O,

a contradiction. Hence ¢”p = o’. If p is not the identity, then again 0
< d'(a,,,) = —0"(a,,;) < 0.Hence ¢’ = 0” on F,,;. The result now follows
by induction.

We now prove (8.1). Assume C # R U {0} (otherwise take F = Q(x)). We
can write the complement of C in R U {co} as a countable union of intervals
U2 (a;,b;) where the a; and b; are all distinct rational numbers in the
complement of C(thus a;, # a; # by #b,ifi # j, k #m).Weallow a; > b;;
in this case (q;,5,) = {c € R U {oo} c > g; or ¢ < b;}is an mterval about
0. Let f, = *e (x —a,)(x—b )(x + l) for all n > 1, where the sign + is
chosen so that f, is negative on (a b,). The e, are positive integers, which for
the moment can be assigned arbltrarlly Let Fy = Q(x) and set F,
= E[fY3,7¥4, .. 1foralln > 0. (Foreachn > 0, f,, & Z - E?since f,,,
has minimal positive value in any extension of the (x — a,,,,)-adic valuation
on Q(x) to F, [Remark 52C of R. Brown and H. D. Warner, Quadratic
extensions of linearly compact fields, Trans. Amer. Math. Soc. 163 (1972),
379-399]. Hence the F, are well defined by Lemma 8.2.) Let F = U, F,. By
construction the (continuous) map ¢ > o(x) must carry 9(F) into C. Lemma
(8.3) shows that 9M(F) must map bijectively onto C (each f, takes finite
positive value at any real place on Q(x) mapping x into C).
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Next suppose that C contains no pair of distinct conjugate algebraic
numbers. Let o be a place from F onto a formally real field £ with A, # 1.
Then |A,| < 2 and E/Q is algebraic. If 7 and p are embeddings of E into R
then 7o(x) = po(x) (ro and po restrict to equivalent nontrivial places on Q(x)
and hence assign conjugate values to x). Thus 7 = p. Thus E has a unique
ordering. The criterion of Elman, Lam and Prestel (cf. Remark 3.5) shows that
F is a SAP field. Conversely, suppose C does contain a pair of conjugate
algebraic numbers o(x) and 7(x) (where o, 7 € IM(F)). We claim we can pick
the e, so that o(f,,,) & Z"- K,',Z, where K, = Qlo(x)][{o(f): i < n,r =14,
1,...)]is the residue class field of o| F, (Lemma 8.3). Suppose such e,, have
been chosen for all m < n. There exists an odd rational number p which is
unramified in Q(o(x)) and for which all the nonzero coefficients of all the
irreducible polynomials over Q of the numbers o(f), ..., o(f,) are p-adic
units. Then K, is obtained from Q(a(x)) by a sequence of adjunctions of the
square root of units (with respect to any extension v of the p-adic valuation to
K,). Hence p has minimal positive value in v(K;). Thus p & Z"- K2. It
therefore suffices to let e, = p if (x — a,,,)(x — b,,,) (x> + =
AR K,',2 and let e,,; = 1 otherwise. The claim is proved. Now apply Lemma
8.3 (inductively) to show that |[A,| = 2 and that the real place on Q(o(x))
sending o(x) to 7(x) extends to the residue class field of ¢. This shows F cannot
be a SAP field (Remark (3.5)). Finished,
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